A LETTERS JOURNAL EXPLORING
THE FRONTIERS OF PHYSICS

OFFPRINT

Critique and correction of the currently
accepted solution of the infinite spherical well
in quantum mechanics

YOUNG-SEA HUANG and HANS-RUDOLF THOMANN

EPL, 115 (2016) 60001

Please visit the website
www.epljournal.org

Note that the author(s) has the following rights:

— immediately after publication, to use all or part of the article without revision or modification, including the EPLA-
formatted version, for personal compilations and use only;

— no sooner than 12 months from the date of first publication, to include the accepted manuscript (all or part), but
not the EPLA-formatted version, on institute repositories or third-party websites provided a link to the online EPL
abstract or EPL homepage is included.

For complete copyright details see: https://authors.epletters.net/documents/copyright.pdf.



A LETTERS JOURNAL EXPLORING
THE FRONTIERS OF PHYSICS

AN INVITATION TO
SUBMIT YOUR WORK

The Editorial Board invites you to submit your letters to EPL

EPL is a leading international journal publishing original, innovative Letters in all
areas of physics, ranging from condensed matter topics and interdisciplinary
research to astrophysics, geophysics, plasma and fusion sciences, including those
with application potential.

The high profile of the journal combined with the excellent scientific quality of the
articles ensures that EPL is an essential resource for its worldwide audience.

EPL offers authors global visibility and a great opportunity to share their work
with others across the whole of the physics community.

Run by active scientists, for scientists
EPL is reviewed by scientists for scientists, to serve and support the international

scientific community. The Editorial Board is a team of active research scientists with
an expert understanding of the needs of both authors and researchers.

epljournal.org



A LETTERS JOURNAL EXPLORING epliournal.org
THE FRONTIERS OF PHYSICS

Six good reasons to publish with EPL
We want to work with you to gain recognition for your research through worldwide
visibility and high citations. As an EPL author, you will benefit from:

full text downloads in 2015 o Quality - The 60+ Co-editors, who are experts in their field, oversee the
entire peer-review process, from selection of the referees to making all
final acceptance decisions.

Convenience — Easy to access compilations of recent articles in specific

average accept to online . : !
narrow fields available on the website.

publication in 2015

Speed of processing — We aim to provide you with a quick and efficient
service; the median time from submission to online publication is under
100 days.

citations in 2015
High visibility — Strong promotion and visibility through material available
atover 300 events annually, distributed via e-mail, and targeted mailshot
newsletters.

“We greatly appreciate
the efficient, professional
and rapid processing of
our paper by your team.”
Cong Lin

Shanghai University

International reach — Over 3200 institutions have access to EPL,
enabling your work to be read by your peersin 100 countries.

Open access — Articles are offered open access for a one-off author
payment; green open access on all others with a 12-month embargo.

Q0 0 ©0

Details on preparing, submitting and tracking the progress of your manuscript
from submission to acceptance are available on the EPL submission website
epletters.net.

If you would like furtherinformation about our author service or EPL in general,
please visit epljournal.org or e-mail us at info@epljournal.org.

ERS

ec‘/r)sciences IOP Publishing

Socicta Ttaliana
di Fisica

European Physical Society ~ Societa Italiana di Fisica EDP Sciences 0P Publishing

epljournal.org



A LETTERS JOURNAL EXPLORING
THE FRONTIERS OF PHYsICS

September 2016

EPL, 115 (2016) 60001
doi: 10.1209/0295-5075/115/60001

www.epljournal.org

Critique and correction of the currently accepted solution
of the infinite spherical well in quantum mechanics

YounG-SEA Huanc!® and HANS-RUDOLF THOMANNZ(P)

L Department of Physics, Soochow University - Shih-Lin, Taipei 111, Taiwan
2 Thomann Consulting - Rollenbergstrasse 2, CH-8463 Benken ZH, Switzerland

received 7 July 2016; accepted in final form 27 September 2016

published online 20 October 2016

PACS 03.65.-w — Quantum mechanics

PACS 03.65.Ta — Foundations of quantum mechanics; measurement theory

Abstract — An error in the currently accepted solution of the problem of the infinite spherical well
is pointed out. The problem is then solved by considering the self-adjointness of the Hamiltonian
operator. In contrast to the currently accepted solution, the radial probability density for finding
the particle at the center of the spherical well is not necessarily zero, in accordance with the

solutions obtained.
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The currently accepted solution of the infinite
spherical well. — The usual way of solving the problem
of the infinite spherical well is recapitulated in the follow-
ing [1-3]. Consider a particle of mass u being confined in
a well of spherically symmetric potential

V(r) = { 0

if r <a,
if r > a.

(1)

The time-independent Schrédinger wave equation for the
system is

o0,

Ho(r) = HM v +v<r>] b = o). (2)

In terms of the spherical coordinates (r, 0, ¢), the equation
becomes

0
27
h or

2;;2 [_ (7"2%) + 12} Y+ V(r)y=Ey. (3

)
Here, the operator L is the square of the angular momen-
tum operator L,

22 1 90 0 1 02
L™ =-n? — | sinf— — . “
Line 90 (Sm ae) + sin268¢2] @
By the separation of variables, substituting ¥ (r,0,¢) =
R(r)Y (0, ¢) into eq. (3) yields the angular equation
1 1 0 oY 1 0%Y
)= = (anpl_ Z- L 1
Y {sin9 26 (“no ae) * 0 992 } W+1), )

(2) B-mail: yshuang@mail.scu.edu.tw
(®)E-mail: hr@thomannconsulting.ch

and the radial equation

B2 d [ ,dR
o dr (7“ dr) + |:V(’/‘) +

The solutions of eq. (5) are spherical harmonics:

RA(L+1)
212

]R:ER.

Y (0,6) = (=12

20+ 1(1— |ml|)!

(g i T (eos O (7)

where [ = 0,1,2,3,..., m = —I[,...,l in integer steps,
and P™(cos 0) are associated Legendre functions. These
spherical harmonics are common eigenstates of the op-

erators L° and L, ie., L Y™ = I(l + 1)h?Y™ and
L. Y™ =mhY;". They are orthonormal,

27 g
[ [ wr o ©.0) sing o ds = ud.
¢=0J0=0 )

Outside the well V (r) = oo, thus the radial wave function
R(r) = 0 for r > a. Inside the well V(r) = 0, thus eq. (6)
becomes

e
dr?

2dR
r dr

I(l+1)
+ {k? -0

where k = 2pE/h and 0 < r < a. Equation (9) is
the so-called spherical Bessel equation which has the solu-
tions j;(kr) and n;(kr), where j;(kr) is the spherical Bessel

}R:o, (9)
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Table 1:

The zeros [, of the spherical Bessel function of
order [, for a few values of [ and n.

Bin n=1 n=2 n=3 n=4
=0 s 2w 3 47
=1 4.49341 7.72525 10.9041 14.0662
=2 5.76346 9.09501 12.3229 15.5146
=3 6.98793 10.4171 13.6980 16.9236
=4 8.18256 11.7049 15.0397 18.3013
=5 935581 12,9665 16.3547 19.6532

Table 2: Eigen-energies Ej,, in units of 72h*/2ua? for a few
values of | and n.

Ep, n=1 n=2 n=23 n=4
=0 1 4 9 16

| = 2.04575 6.04680 12.0471 20.0472
=2 3.36563 8.38121 15.3861 24.3883
=3 494763 10.9950 19.0115 29.0193
=4 6.78389 13.8815 22.9180 33.9361
=5 886877 17.0352 27.1010 39.1349

function of order I and n;(kr) is the spherical Neumann
function of order [ [4].

The spherical Neumann functions n;(kr) are discarded,
since they are divergent at the center of the spherical
well r = 0 [ny(r) ~ v~ for r < 1] [1-3]. By ap-
plying the conventional boundary condition at r = a, i.e.,
R(a) = 0, the allowed values of k are the roots of the equa-
tion j;(ka) = 0. Let [, be the n-th zero of the spherical
Bessel function of order [. Thus, ki, = (s /a, and the
eigen-energies are Fy, = hzﬁlzn/mm?. Few zeros 3, of the
spherical Bessel function of order [ are presented in ta-
ble 1. Also, few eigen-energies Ej,, in units of 72h%/2ua?,
are presented in table 2.

Corresponding to each eigen-energy FEj,, the eigen-
states are

U (r,0,0) = Rin(r)Y,™(0, ¢) =
A ji(Bin 7/a)Y™ (0, ),

where Aj, is a normalization constant. Each eigenstate
;" is normalized in accordance with

(10)

/|wl’2|2r2 sinfdrdfde =
/|Rln|27'2d’f'/ [Y;"?sin@df de = 1. (11)
Because Y™ are orthonormal, A, is determined by

/ |Rln|2r2d7‘ :/ |Alnjl(ﬂlnr/a)|2r2dr =1. (12)
0 0

Because of [I:I7f42] =0, [H,L.] = 0 and [ﬂ2,£z] =0, the
three operators H, L” and L. have common eigenstates for
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Fig. 1: (Color online) The radial probability densities of eigen-
states in energy levels FEoi, Fi1, E21, Fo2, E31 and FEio,
are shown as a dashed red line, dot-dashed orange line, two-
dots-dashed green line, three-dots-dashed blue line, four-dots-
dashed purple line and five-dots-dashed black line, respectively.
The radial distance r is in units of a.

an eigen-energy. As a consequence of [I:Q,I:z] = 0, each
energy level Ey, is (21 + 1)-fold degenerate.

According to eq. (12), for an eigenstate )" , the ra-
dial probability density for finding the particle at a dis-
tance r from the center of the spherical well is Py, (r) =
| Rin (r)|?r2. For all eigenstates 1™ | their radial probabil-
ity densities are zero at both the boundary » = a and the
center 7 = 0 of the spherical well. The radial probability
densities of eigenstates in the lowest few energy levels are
illustrated in fig. 1. The radial probability densities for
finding the particle at the center and the boundary of the
spherical well are zero.

The currently accepted solution of the infinite spherical
well has been accepted without a doubt. However, it seems
peculiar that the radial probability density of the particle
at the center of the spherical well is zero. The usual reason
to abandon the solution ng(kr) = — cos(kr)/(kr) of eq. (9)
is unconvincing. Although ng(kr) is divergent at r = 0,
r no(kr) is finite at » = 0, and is square-integrable. There-
fore, ng(kr) is permissible from the viewpoint of physics.
If no(kr) were not abandoned, then the radial probability
density for finding the particle at the center of the spher-
ical well would not be zero.

Solve the problem by using self-adjointness of
the Hamiltonian operator. — Because the particle is
confined inside the spherical well, the regions outside the
well are irrelevant. Therefore, the wave functions un-
der consideration are defined inside the well only; wave
functions and their derivatives are treated by the one-
sided limit at the boundaries [5-9]. Owing to the self-
adjointness of the Hamiltonian, boundary conditions of
the system are constrained by some requirements. Substi-
tuting R(r) = x(r)/r into eq. (6) yields

n? d?

241 dr?

R+ 1)

I:ITX(T) = 2HT2

x(r) = E x(r). (13)
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Table 3: For | =0, fon = (2n — 1)7/2. For [ > 0, (i, are the
zeros of the spherical Bessel function of order [.

Bin n=1 n=2 n=23 n=4
=0 /2 3 /2 5/2 /2
=1 4.49341 7.72525 10.9041 14.0662
=2 576346 9.09501 12.3229 15.5146
=3 6.98793 10.4171 13.6980 16.9236
=4 8.18256 11.7049 15.0397 18.3013
=5 9.35581 12,9665 16.3547 19.6532
Or
d*x(r)

+ <k2 — la;”) x(r) = 0. (14)

As usual, the operator H, is assumed self-adjoint to de-
termine eigenvalues. Therefore, to ensure that H, is self-
adjoint, solutions x(r) and x/(r) of eq. (14) have to satisfy
the following requirement:

dr2

(15)

The solutions of eq. (14) are r jj(kr) and r ny(kr).
Nonetheless, for | > 1, r n;(kr) are divergent at r = 0,
and they are not square-integrable. Thus, the solutions
r ny(kr) (I > 1) are discarded from the viewpoint of
physics. Consequently, the solutions needed to be con-
sidered reduce to r j;(kr) and r ng(kr). In the following,
we present two cases of solutions of the problem, as an
example.

Case I:  Consider the solutions r j;(kr). By the prop-
erty of Bessel function, j;(r) ~ /(20 4+ 1)!! for r < 1, for
arbitrary x(r) = r ji(kr) and x'(r) = r 5, (k'r), C(0) =0
at r = 0. If the solutions x(r) = r ji(kr), for any k,
satisfy the boundary condition x(a) = 0 at r = a, then
such a boundary condition fulfills the requirement given
by eq. (15). The boundary condition y(a) = a j;(ka) =
0 is equivalent to the conventional boundary condition
R(a) = ji(ka) = 0. Therefore, the eigen-energies and
the eigenstates of this case are just those of the currently
accepted solution as given in the first section.

Case II:  Because r ng(kr) is physically feasible, con-
sider the solutions: r ng(kr) for [ = 0, and r j;(kr) for
1>0. Forl =0, C(0) =0 at r = 0, for arbitrary x(r) =
rng(kr) ~ cos(kr) and x'(r) = r no(k'r) ~ cos(k'r). Also,
for 1 > 0, C(0) = 0 at r = 0, for arbitrary x(r) = r j;(kr)
and x'(r) = r ji(k'r). The boundary condition at r = a,
x(a) = 0, fulfills the requirement given by eq. (15).

By imposing this boundary condition at r = a, for
I = 0, the allowed values of k are ko, = (2n — 1)7/2a,
where n = 1,2,3,.... Here, the first subscript 0 in kg,
indicates [ = 0. Thus, the eigen-energies are Ep, =
h?k32,, /2ua®. Corresponding to each eigen-energy Ep,, the

Table 4: Eigen-energies Iy, in units of m2h? /2ua2.

Ep, n=1 n=2 n=3 n=4

=0 1/4 9/4 25/4 49/4

=1 2.04575 6.04680 12.0471 20.0472

=2 3.36563 8.38121 15.3861 24.3883

=3 4.94763 10.9950 19.0115 29.0193

=4 6.78389 13.8815 22.9180 33.9361

=5 886877 17.0352 27.1010 39.1349
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Fig. 2: (Color online) The radial probability densities of eigen-
states in energy levels FEoi, Fi1, FEo2, Fo1, E31 and FEio,
are shown as a dashed red line, dot-dashed orange line, two-
dots-dashed green line, three-dots-dashed blue line, four-dots-
dashed purple line and five-dots-dashed black line, respectively.
The radial distance r is in units of a.

eigenstate is

¢8n(7“7 g, (b) = ROTL(T)YOO (9a ¢) =

Aon no(kon 7)Y3 (0, 9), (16)

where Ap, is a normalization constant. For [ > 0, with
this boundary condition, the allowed values of k are the
roots of the equation j;(ka) = 0. Thus, the eigenstates
Y7 are those of the currently accepted solution, eq. (10).
Few values of 3, and Ej, are presented in tables 3 and 4,
respectively. The radial probability densities of eigen-
states in the lowest few energy levels are illustrated in
fig. 2. For the eigenstates v, their radial probability
densities Py, (r) are not zero at the center of the spherical
well. Thus, the radial probability density for finding the
particle at the center of the spherical well is not zero.

It should be noted that there are many more boundary
conditions, other than the conventional one, satisfying the
requirement given by eq. (15) [10]. Therefore, there exist
many different solutions corresponding to different bound-
ary conditions. The only solution presented in Case II is
to point out an error in the currently accepted solution
which is in general largely unrecognized.

Conclusion . — It seems peculiar that the radial prob-
ability density of the particle at the center of the spherical
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well is zero, according to the currently accepted solution.
The peculiarity is due to the abandoning of the spherical
Neumann function ng(kr). The reason to abandon ng(kr)
is not incontrovertible from the viewpoint of physics. Ad-
ditional solutions are obtained by considering the physi-
cally feasible solution r ng(kr). For the additional solu-
tions, the radial probability density of the particle at the
center of the spherical well is not necessarily zero. The
peculiarity of the currently accepted solution is resolved.
There is an infinity of possible boundary conditions with
quite different physical characteristics [7]. Some of them
will preserve time-reversibility, some parity and some en-
ergy positivity. States stationary in one solution are non-
stationary in others. The energy spectra are varying in a
non-linear way. As there is only a single reality, only one
of these many solutions can be the correct one. To find it
by sound physical arguments is a major open problem.

X % X%

We gratefully thank C. M. L. LEONARD and CHYI-
LuncG LIN for valuable comments during the preparation
of this paper.
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